We prove that the only natural operations between differential forms are those obtained using linear combinations, the exterior product and the exterior differential. Our result generalises work by Palais [7] and Freed-Hopkins [1].
Introduction
Let ω 1 . . . , ω k be differential forms on a smooth manifold, of positive degree. In this paper we determine those differential forms that can be associated in a natural way to the given forms ω 1 , . . . , ω k . Loosely speaking, our result says that the only natural operations between differential forms are those obtained using linear combinations, the exterior product and the exterior differential.
To be more precise, let us fix positive integers p 1 , . . . , p k and an integer q ≥ 0. Let us suppose that, for each manifold X and each collection ω 1 . . . , ω k of differential forms on X of degree p 1 , . . . , p k , we have defined a q-form P (ω 1 , . . . , ω k ) on X. Let us also assume that the assignment (ω 1 . . . , ω k ) −→ P (ω 1 , . . . , ω k ) is compatible with inverse images: for any smooth map τ :X → X it holds τ * [P (ω 1 , . . . , ω k )] = P (τ * ω 1 , . . . , τ * ω k ) .
Then, our main result (Theorem 3.3) proves that there exists a unique polynomial P(x 1 , y 1 , . . . , x k , y k ), homogeneous of degree q in anti-commutative variables of degree deg x i = p i , deg y i = p i + 1, such that: P (ω 1 , . . . , ω k ) = P(ω 1 , dω 1 , . . . , ω k , dω) , for any smooth manifold X and any collection ω 1 . . . , ω k of differential forms on X of degrees p 1 , . . . , p k . In this formula, the product of variables on the polynomial P has been replaced by the exterior product of forms.
The case p 1 = · · · = p k = 1 has been recently obtained by Freed-Hopkins ([1], Thm. 8.1) using a different language and quite different methods to those applied here.
When the given collection reduces to a single form ω of degree p, and we take q = p + 1, it follows that the assignment P is a constant multiple of the exterior differential: P (ω) = λ dω. This is a classical statement due to Palais ([7] , Thm. 10.5), who assumed P to be linear, and to Kolář-Michor-Slovák ([3] , Prop. 25.4) in the general case.
We have included two versions of our main result: a first one, Theorem 2.3, whose proof relies on general methods developed in [3] , and a second one, Theorem 3.3, which corresponds to the statement announced above. The exposition of this paper will be self-contained, except for the Peetre-Slovák theorem on differential operators and some basic facts about the invariant theory of the general linear group.
As an application of our results, we prove in the Appendix a version of a beautiful theorem originally due to Kolář ([2] ), that determines those differential forms that one can construct in a natural way from a connection on a principal bundle (see also [1] , Thm. 7.20).
On the other hand, the Main Theorem of the invariant theory for the general linear group states that the only Gl n -equivariant linear maps ⊗ p V −→ ⊗ p V are the linear combinations of permutations of indices (e. g., [3] Sect. 24). In this paper, we will only use the following consequence: Proposition 1.2. The only Gl n -equivariant linear maps ⊗ p V −→ Λ p V are the multiples of the skew-symmetrisation operator.
Combining the previous two propositions, it follows:
are the multiples of skew-symmetrisation operator.
Remark 1.4. We will make use of the following properties of the skew-symmetrisation operator h:
-h(ω) = q! ω for any q-form ω, -h(∇ω) = q! dω for any differential q-form ω on R n , where ∇ denotes the standard flat connection.
Differential operators on forms
Let E → X be a bundle (or a submersion) on a smooth manifold X. Let us denote by E the sheaf of sections of that bundle: E is a contravariant functor, defined over the category of open sets of X and inclusions between them, that assigns, to each open set U ⊆ X, the set E(U ) of smooth sections defined over U , and to each inclusion between open sets V ֒→ U , the restriction map
Let us denote by J r E → X the bundle of r-jets of sections of E → X.
Definition. The bundle of ∞-jets is the inverse limit
endowed with the initial topology of the projections π r :
Let Y be a smooth manifold. A continuous map ϕ :
∞ E there exist a natural number r and a smooth map ϕ r :
Definition. Let E → X and F → X be two bundles. A differential operatorP : E ❀ F is a smooth morphism of bundlesP : J ∞ E → F . A differential operatorP is said of order ≤ r if there exists a morphism of bundles P r : J r E → F such thatP =P r • π r .
Let E and F be the sheaves of sections of two bundles E → X and F → X. A differential operatorP : E ❀ F can be understood as a morphism of sheaves (that is, a morphism of functors):
Conversely, let us see that any morphism of sheaves, satisfying certain regularity condition, is a differential operator.
If T is a smooth manifold, let us denote X T := X × T . Any open set U ⊂ X T can be thought as a family of open sets U t ⊂ X, where U t = U ∩(X×t).
A family of sections { s t : U t → E } t∈T defines a map:
and the family {s t } t∈T is said smooth (with respect to the parameters t ∈ T ) precisely when the map s : U → E is smooth.
Definition. With the previous notations, a morphism of sheaves P : E → F is regular if, for any smooth manifold T and any smooth family of sections {s t : U t → E} t∈T , the family {P (s t ) : U t → F } t∈T is also smooth.
Theorem 1.5 (Peetre-Slovak). There exists a bijection
where Diff(E, F ) stands for the set of differential operators and Hom reg (E, F ) for that of regular morphisms of sheaves.
This theorem was first proved by J. Peetre, in the case of R-linear differential operators. Later on, J. Slovák ([8] ) established a general result that includes the above statement as a particular case (see [6] ).
Notation. If X is a smooth manifold, let us write Ω p X for the sheaf of differential p-forms on X; that is, for the sheaf of sections of the bundle Λ p T * X → X.
that is invariant under translations and homotheties, has finite order.
The condition of a differential operatorP being invariant by a diffeomorphism τ : R n → R n means that the following square is commutative
In terms of the corresponding morphism of sheaves P :
Proof of 1.6: As the operatorP is invariant under translations, it is determined by its restrictionP :
0 R n to the fibres over the origin 0 ∈ R n . The smoothness of this map at the zero ∞-jet j
implies that there exist a natural number r and a smooth mapP r :
on an open set U of the zero r-jet, such thatP =P r •π r over π −1 r (U ). Now, a simple computation in local coordinates shows that, for any fixed jet j
.
The same formulaP =Q • π r holds for any point in the neighbourhood of j Notation. For the rest of the section, let us fix a natural number n. Let Man n denote the category of smooth manifolds of dimension n and local diffeomorphisms between them.
Let Ω p denote the contravariant functor over Man n that assigns, to each smooth n-manifold X, the set Ω p (X) of differential p-forms on X, and, to each local diffeomorphism τ : X → Y , the map τ
In other words, a natural morphism P : Ω p → Ω q amounts to giving, for each n-manifold X, a map P :
Let X be an n-manifold. The sheaf of p-forms Ω p X over X is the restriction of Ω p to the subcategory of Man n formed by the open sets of X and the inclusions between them. A natural morphism P : Ω p → Ω q defines, by restriction to such subcategory, a morphism P :
X to any n-manifold X is a regular morphism of sheaves over X.
Let P : Ω p → Ω q be a regular and natural morphism. As any n-manifold X is locally diffeomorphic to R n , the natural morphism P : Ω p → Ω q is determined by its restriction to the manifold R n , that is, by the regular morphism of sheaves
By the Peetre-Slovák theorem, such a morphism is in fact defined by a differential operatorP :
By naturalness, this differential operator is invariant under the action of any diffeomorphism R n → R n , and hence, due to Lemma 1.6, has finite order. Summing up, Proposition 1.7. Any regular and natural morphism P : Ω p → Ω q is a differential operator of finite order.
To be more precise, the restriction of P to each n-manifold X is a morphism of sheaves P :
This order, that is common for all manifolds, will be called the order of the morphism P :
Definition. For each natural number r, let us write G r for the Lie group of r-jets j r 0 τ at the origin 0 ∈ R n of local diffeomorphisms satisfying τ (0) = 0.
The group G r+1 acts on the fibre
Proposition 1.8. There exists an injective map:
Regular and natural morphisms
The relation between P andP is determined by the equality:
Proof: Any regular and natural morphism P : Ω p → Ω q of order r is determined by its restriction to R n , that is a regular morphism of sheaves P :
As it is regular, it corresponds to a differential operatorP :
, by naturalness, is invariant under diffeomorphisms. Due to this last property,P is determined by its restriction to the fibres over the origin,P :
With more generality, in this paper we will consider the functors
The definition of naturalness, as well as Propositions 1.7 and 1.8, all trivially extend to morphisms
In particular, Proposition 1.9. There exists an injective map    Regular and natural morphisms of order r
The relation between P andP is determined by the equality
Remark 1.10. Later on, we will compute those smooth, G r+1 -equivariant maps, and it will result that the inclusions of 1.8 and 1.9 are in fact equalities (see [3] for more general results of this kind).
Main result: first version
In this section we still work in category Man n of n-dimensional manifolds and local diffeomorphisms between them.
Let us introduce the following notations for the exterior and symmetric powers:
We will also use that S p is canonically isomorphic to the vector space of homogeneous polynomials of degree p over T * 0 R n . There exists a diffeomorphism:
where ω s is the homogeneous component of degree s in the Taylor expansion (on cartesian coordinates) of the p-form ω. If we write ∇ for the standard flat connection on R n , then ω s = (∇ s ω) x=0 . This diffeomorphism is not invariant under arbitrary changes of coordinates, but it is so under linear changes of coordinates. In other words, this diffeomorphism is equivariant with respect to the action of the linear group Gl n ⊆ G r+1 , although it is not equivariant with respect to the whole group G r+1 . Therefore, Proposition 1.9 implies the following: Lemma 2.1. There exists an injective map:
   Regular and natural morphisms of order r
Again, this inclusion will be proved to be an equality, once we compute the Gl n -equivariant maps. The first step in this computation is to prove that these maps satisfy certain homogeneity condition.
satisfies the following homogeneity conditioñ
for any real number λ = 0.
Proof: Let τ λ : R n → R n , τ λ (x) = λx, be the homothety of ratio λ = 0. On the one hand, for any tensor ω
A smooth map between vector spaces satisfying a homogeneity condition has necessarily to be a polynomial, in virtue of the following elementary result (e. g. [3] , Thm. 24.1):
Homogeneous Function Theorem: Let E 1 , . . . , E k be finite dimensional Rvector spaces.
Let f :
E i → R be a smooth function such that there exist positive real numbers a i > 0, and w ∈ R satisfying:
for any positive real number λ > 0 and any (e 1 , . . . , e k ) ∈ E i . Then f is a sum of monomials of degree (d 1 , . . . , d k ) in the variables e 1 , . . . , e k satisfying the relation
If there are no natural numbers d 1 , . . . , d k ∈ N ∪ {0} satisfying this equation, then f is the zero map.
In other words, for any finite dimensional vector space W , there exists an R-linear isomorphism:
[Smooth maps f :
where (d 1 , . . . , d k ) runs over the non-negative integers solutions of equation (3). A smooth map f : (2), and the corresponding linear map
, are related by the equality
Definition. Let us fix a finite sequence of positive integers (p 1 , . . . , p k ). Let us denote R{u 1 , . . . , u k } the anti-commutative algebra of polynomials with real coefficients in the variables u 1 , . . . , u k , where each variable u i is assigned degree p i . The anti-commutative character of this algebra is expressed by the relations
The degree of a monomial u a1
. . , u k } is said homogeneous of degree q if it is a linear combination of monomials of degree q.
Let P(x 1 , . . . , x k ) ∈ R{u 1 , . . . , u k } be a homogeneous polynomial of degree q, and let ω 1 , . . . , ω k differential forms of degree p 1 , . . . , p k on a smooth manifold X. Then P(ω 1 , . . . , ω k ), where the product of variables is replaced by the exterior product of forms, is a differential form of degree q on X. Theorem 2.3. Let p 1 , . . . , p k be positive integers, and let R{u 1 , v 1 , . . . , u k , v k } be the anti-commutative algebra of polynomials on the variables
Any regular and natural morphism over Man n
can be written as
Proof: Via Lemma 2.1, a regular natural morphism P : Ω p1 ⊕ . . . ⊕ Ω p k −→ Ω q , of order r, corresponds to a Gl n -equivariant smooth map
satisfying the homogeneity condition (1). Due to the Homogeneous Function Theorem, such anP has to be a polynomial; that is to say, it is a sum ⊕ {di,j}P {di,j } of Gl n -equivariant linear maps:
where each sequence {d i,j } of non-negative integers is a solution to the equation:
Observe that this condition implies thatP {di,j} is in fact defined on a vector subspace of ⊗ q T * 0 R n . Then, by Proposition 1.3, the linear mapP {di,j} is a multiple of the skew-symmetrisation operator h,
The skew-symmetrisation of two symmetric indices vanishes, so that we may assume, from now on, that
That is to say, we only consider solutions
Bringing all this together,
. . . ⊗ (∇ω 1 ) 0 (using Properties 1.4 of the skew-symmetrisation operator)
By naturalness, we conclude
for any n-manifold X and any (ω 1 , . . . , ω k ) ∈ Ω p1 (X) ⊕ · · · ⊕ Ω p k (X). Finally, the uniqueness of the polynomial P is proved applying Lemma 2.4 below to the difference of two polynomials satisfying (6).
Lemma 2.4. Let R{u 1 , v 1 , . . . , u k , v k } be as in Theorem 2.3.
Let P ∈ R{u 1 , v 1 , . . . , u k , v k } be a non-zero homogeneous polynomial of degree q ≤ n. Then, the morphism of sheaves over
is not identically zero.
Proof: Let us first consider the case k = 1, that is, P ∈ R{u, v}. In this case, P is (up to a scalar factor) a monomial of one of the following four types, depending on the parities of p 1 and q,
where s has to be taken in each case, for the monomial to have degree q. Depending on each of the four cases, let us consider the p 1 -form
on X = R q (each formula employs q variables). In each of the four cases, it holds
where ω R q is the volume form of R q . Hence, the morphism P : Ω p1 X −→ Ω q X is not identically zero for X = R q . Let us now consider the case where k is arbitrary. Let
be a homogeneous polynomial of degree q. Let us fix an index a 1 b 1 . . . a k b k whose corresponding coefficient is non-zero. On each pair a i b i one of the two terms is 0 or 1, so that we have again four possibilities 0s i , 1s i , s i 0 and s i 1. Let us now define on R q a p i -form ω i using the four formulas above, depending on the case (but taking care of writing the different forms ω 1 , . . . , ω k on R q with disjoint variables).
It is now easy to check that:
is not identically zero when X = R q . Finally, the same expressions for ω 1 , . . . , ω k prove the thesis for X = R n when n ≥ q. Corollary 2.5. Let p be a positive integer. Up to a constant factor, the only regular and natural morphism P : Ω p → Ω p+1 over Man n is the exterior differential: P (ω) = dω.
Proof: According to the previous Theorem, we have to consider the algebra R{u, v}, where deg u = p, deg v = p + 1. In this algebra, the only (up to scalar factors) homogeneous polynomial of degree p + 1 is the monomial v, that corresponds to the natural morphism P : Ω p → Ω p+1 , P (ω) = dω.
Main result: second version
Let us now prove a variation of Theorem 2.3, that corresponds to the statement announced in the Introduction.
Notation. Let Man be the category of all smooth manifolds and arbitrary smooth maps between them.
Firstly, let us check that any morphism of functors over Man automatically satisfies the regularity condition.
Lemma 3.1. Let P : Ω p → Ω q be a morphism of functors over the category Man. The restriction of P to a smooth manifold X is a regular morphism P : Ω p X → Ω q X of sheaves over X. Proof: Let T be a smooth manifold (of parameters), and let us consider an open set U ⊆ X × T and a smooth family {ω t ∈ Ω p X (U t )} t∈T of p-forms on the open sets U t = U ∩ (X × t). Regularity is a local condition, so we can assume
The smoothness of the family {ω t ∈ Ω p X (U t )} t∈T means that the functions f i1...ip (x, t) are smooth on R n × R k , that is,
for some smooth functions g j1...jq (x, t) on R n × R k . Now we can write P (ω t ) = P (ω |R n ×t ) (by functoriality)
so that the family {P (ω t )} t∈T is smooth.
In a similar way, it can be proved that, if P :
q be a morphism of functors over Man. Its restriction to the category Man n is a regular and natural morphism. 
Any morphism of functors over the category Man
Proof: Let P n be the restriction of P to the category Man n . By Theorem 2.3, for n ≥ q there exists a unique homogeneous polynomial P n ∈ R{u 1 , v 1 , . . . , u k , v k } of degree q such that
for any n-manifold X and any (ω 1 , . . . ,
. Let us check that P n = P m for all n and m greater that q. Suppose m < n. For any m-manifold X m , consider the n-manifold X m × R n−m , the natural projection π : X m × R n−m → X m and the inclusion i :
, on the one hand
and, on the other,
so that P n = P m . Let us write P for this identical polynomials P n . By definition of the P n , it holds
on any manifold X of dimension n ≥ q. This equality also holds for manifolds X of dimension n < q, because in such a case, both terms of the formula are zero, for they take values on Ω q (X) = 0.
The case p 1 = · · · = p k = 1 of this theorem has been proved by FreedHopkins ([1], Thm. 8.1).
Lemma 4.1. Let P = R n × G → R n be the trivial G-bundle, let α be a principal connection on it, let s : R n → P be a global section, and let x 0 ∈ R n be a point. There exists an isomorphism Φ : P → P such that:
Proof: Lets : R n → P be a global section such thats(x 0 ) = s(x 0 ) and s * (T x0 R n ) = ker α s(x0) , i.e., (s * α) x0 = 0. Let us write s(x) = (x, f (x)) and s(x) = (x,f (x)). Let g(x) ∈ G be such thatf (x) = g(x) · f (x); then the isomorphism Φ :
The adjoint action on the Lie algebra of an element g ∈ G will be written Ad (g) : g → g. This map induces a linear map Ad (g) : S q g → S q g, where S q g denotes the q-th symmetric tensor power of g; in other words, the adjoint action of G over g induces an action on S q g.
The following statement is a reformulation of a result due to Kolář ([2] ). The original proof is based on a generalisation of the classical Utiyama theorem on gauge-invariant Lagrangians.
Theorem 4.2. Let G be a Lie group, let V be a linear representation of G and let q be a natural number.
Associated to any pair (P → X, α) of a principal G-bundle and a principal connection α on it, let θ(P, α) be a 2q-form on P with values on V , satisfying the properties 1-4 written above.
Then, there exists a G-equivariant linear map T : S q g → V such that
for all pairs (P → X, α). Any differential form of odd order θ(P, α) satisfying properties 1-4 above is identically zero.
Proof: Let θ(P, α) be a 2q-form as in the statement, and let us prove formula (7) .
As any principal bundle is locally isomorphic to the trivial bundle, properties 3 and 4 allow to reduce the reasoning to the case of the trivial bundle P = X × G → X.
Moreover, due to properties 1 and 2, the form θ(P, α), for any connection α on the trivial bundle P , is determined by its restriction to a fixed global section s : X → P .
Hence, it is enough to prove that there exists a G-equivariant linear map
for any connection α on the trivial bundle P .
To this end, observe that property 4 implies that the map:
is a well-defined morphism of functors over the category Man. Let us fix a basis (v 1 , . . . , v s ) of V , and write:
for some ordinary forms α j , Θ j (P, α), θ j (P, α) on P . Applying Theorem 3.3 to the components of the morphism (9), it follows the existence of a unique collection of scalars λ I j , δ KL j ∈ R such that, for any connection α on the trivial bundle P ,
As Θ = dα + 1 2 α ∧ α, the formula above can be re-written, with other unique coefficients λ
At any point x ∈ X, there always exists a connectionᾱ = Φ * α, isomorphic to α, such that (ᾱ |s ) x = 0 (Lemma 4.1). As θ j (P, α) = (Φ −1 ) * [θ j (P,ᾱ)], the coefficients µ KL j above have to be zero; that is to say,
which is the required formula (8), where T : S q g → V is the linear map defined by the scalars λ I j . To check the G-equivariance of T , let us apply R * g in formula (7) . As θ and Θ are G-equivariant, it follows:
for any vector fields D 1 , . . . ,D q on any principal bundle P → X. When varying the pair (P → X, α), the values Θ( Lemma 4.3 below) . Hence, the relation above allows to conclude that T :
Finally, if θ(P, α) is a (2q−1)-form, a similar reasoning applies. Nevertheless, in this case Theorem 3.3 implies that (9) is the zero map, and therefore θ(P, α) is the zero form.
Observe that the last assertion of this theorem implies that the 2q-forms θ = θ(P, α) have vanishing covariant differential; that is, they satisfy a kind of Bianchi identity.
q g be a product of elements v 1 , . . . , v q ∈ g. There exists a principal bundle P → X, a connection α on it, a point p ∈ P and vectors D 1 , . . . , D 2q ∈ T p P such that:
where Θ denotes the curvature form of α.
Proof: Let P = R 2q ×G → R 2q be the trivial bundle and let (x 1 , . . . , x q , y 1 , . . . , y q ) be linear coordinates on R 2q . Let s : R 2q → P be the unit section: s(x) = (x, 1). Let us consider the unique connection α on P such that
The restriction to s of the curvature form Θ = dα + The case q = 1, V = g in Theorem 4.2 is essentially a characterisation of the curvature form:
Corollary 4.4. Associated to any pair (P → X, α) of a principal G-bundle and a principal connection α on it, let θ(P, α) be a g-valued 2-form on P satisfying properties 1-4 above.
Then, there exists a G-equivariant endomorphism T : g → g such that θ(P, α) = T • Θ(P, α) ,
for all pairs (P → X, α).
If the Lie group G is simple, then the adjoint representation is irreducible. This is the case of the compact groups U (1), SU (n), SO(n = 4), Sp(n), Spin(n = 4), and the exceptional groups G 2 , F 4 , E 6 , E 7 and E 8 . Then any Gequivariant endomorphism T : g → g is an homothety, and the previous corollary reads:
Corollary 4.5. Let G be a simple Lie group. Associated to any pair (P → X, α) of a principal G-bundle and a principal connection α on it, let θ(P, α) be a gvalued 2-form on P satisfying the properties 1-4 above.
Then, there exists λ ∈ R such that, for all pairs (P → X, α), θ(P, α) = λ · Θ(P, α) .
Let us now consider the trivial representation V = R in Theorem 4.2. Now θ(P, α) is an ordinary form on the principal bundle π : P → X satisfying the properties 1-4. From properties 1 and 2, it follows that θ(P, α) = π * θ(P, α) for an unique ordinary form θ(P, α) on the base manifold X. Therefore we may reformulate Theorem 4.2 (in the case V = R) using the language of ordinary forms on base manifolds. Let us precise the statement:
Let us fix a Lie group G. Let C denote the functor on Man that assigns, to any smooth manifold X, the set of isomorphy classes of pairs (P → X, α), where P → X is a principal G-bundle and α is a principal connection on it.
A q-form naturally associated to a connection is a morphism of functors θ : C → Ω q . By definition, θ assigns, to any pair (P → X, α) , a differential q-form θ(P, α) on X satisfying the following two properties:
-If (P → X, α) and (P ′ → X, α ′ ) are isomorphic, then θ(P, α) = θ(P ′ , α ′ ).
-For any pair (P → X, α) and any smooth map f : Y → X, it holds:
θ(f * P, f * α) = f * ( θ(P, α)) .
The following statement is again a reformulation of a theorem due to Kolář ([2] ). See also ([1], Th. 7.20) for another formulation.
Corollary 4.6. The 2q-forms naturally associated to a connection biunivocally correspond with the G-invariant linear maps T : S q g → R. Any form of odd order naturally associated to a connection is identically zero.
More precisely, the natural 2q-form θ(P, α) corresponding to a G-invariant linear map T : S q g → R is the projection on X of the following 2q-form over P θ(P, α) :
where Θ is the g-valued curvature 2-form on P .
